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HIGHER AUSLANDER’S FORMULA
RAMIN EBRAHIMI AND ALIREZA NASR-ISFAHANI
Abstract. LetM be a small n-abelian category. We show that the category of finitely
presented functors mod-M modulo the subcategory of effaceable functors mod0-M
has an n-cluster tilting subcategory which is equivalent to M. This gives a higher-
dimensional version of Auslander’s formula.
1. Introduction
For a positive integer n, n-cluster-tilting subcategories of abelian categories was in-
troduced by Iyama [8, 5] to develop the higher-dimensional analogs of Auslander-Reiten
theory. In this subcategories kernels and cokernels don’t necessarily exist and replace with
n-kernels and n-cokernels. Recently, Jasso [9] introduced n-abelian categories which are
an axiomatization of n-cluster-tilting subcategories. He proved that any n-cluster-tilting
subcategory of an abelian category is n-abelian.
Let M be a projectively generated small n-abelian category, P be the subcategory
of projective objects in M and F : M → mod-P be the functor defined by F (X) =
M(−, X)|P . Jasso in [9] proved that if there exists an exact duality D : mod-P → mod-
Pop, then F is fully faithful and the essential image of F is an n-cluster tilting subcategory
of mod-P. Kvamme in [11] proved that the existence of exact duality is unnecessary. In
this paper we show that the projectively generated assumption is also unnecessary. In
the other word we show that any small n-abelian category is equivalent to an n-cluster
tilting subcategory of an abelian category.
Let C be a small abelian category, mod-C the category of finitely presented functors on
C and mod0-C the Serre subcategory of effaceable finitely presented functors on C. A very
famous and important formula due to Auslander, which is known as Auslander’s formula,
shows that we have the following equivalence of abelian categories
mod -C
mod0 -C
≃ C.
This equivalence shows that to study the abelian category C it is enough to study the
category of finitely presented functors that has better homological behaviour. This leads
to functorial approach in representation theory, and as Lenzing said in [12], ”a substantial
part of Maurice Auslander’s work on the representation theory of Artin algebras can be
linked to the formula”. Krause in [10] proved a derived version of Auslander’s formula.
In this paper we prove a higher-dimensional version of Auslander’s formula for small
n-abelian categories. More precisely we show that for a small n-abelian category C,
the category of finitely presented functors mod-C modulo the subcategory of effaceable
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functors mod0-C has an n-cluster tilting subcategory which is equivalent to C. Higher-
dimensional version of Auslander’s formula shows that any small n-abelian category is
equivalent to an n-cluster tilting subcategory of an abelian category which is our main
result in this paper.
The paper is organized as follows. In section 2 we recall the definitions of n-abelian
categories, n-cluster tilting subcategories and recall some results that we need in the
paper. In section 3 we prove that in the embedding
H˜ :M→ L2(M
op,G)
obtained in [3], the essential image of H˜ is n-rigid. In section 4 following Auslander,
we describe the category of finitely presented functors on M modulo the subcategory of
effaceable finitely presented functors, and we show that M is equivalent to an n-cluster
subcategory of this quotient category.
1.1. Notation. Throughout this paper n always denotes a fixed positive integer, M is a
fixed small n-abelian category and G is the abelian category of all abelian groups.
2. preliminaries
In this section we recall the definition of n-abelian category, n-cluster tilting subcategory
and recall some results that we need in the rest of paper. For further information and
motivation of definitions the readers are referred to [8, 5, 9].
2.1. n-abelian categories. Let M be an additive category and f : A→ B a morphism
in M. A weak cokernel of f is a morphism g : B → C such that for all C ′ ∈ M the
sequence of functors
(−, A)
(−,f)
−→ (−, B)
(−,g)
−→ (−, C)
is exact. The concept of weak kernel is defined dually.
Let d0 : X0 → X1 be a morphism in M. An n-cokernel of d0 is a sequence
(d1, . . . , dn) : X1
d1
→ X2
d2
→ · · ·
dn−1
→ Xn
dn
→ Xn+1
of objects and morphisms inM such that for all Y ∈M the induced sequence of abelian
groups
0→ Hom(Xn+1, Y )→ Hom(Xn, Y )→ · · · → Hom(X1, Y )→ Hom(X0, Y )
is exact [9]. The concept of n-kernel of a morphism is defined dually.
Definition 2.1. ([9, Definition 2.4]) Let M be an additive category. A left n-exact
sequence in M is a complex
X0
d0
→ X1
d1
→ · · ·
dn−1
→ Xn
dn
→ Xn+1
such that (d0, . . . , dn−1) is an n-kernel of dn. The concept of right n-exact sequence is
defined dually. An n-exact sequence is a sequence which is both a right n-exact sequence
and a left n-exact sequence.
Definition 2.2. ([9, Definition 3.1]) An n-Abelian category is an additive category M
which satisfies the following axioms:
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(A0) The category M is idempotent complete.
(A1) Every morphism in M has an n-kernel and an n-cokernel.
(A2) For every monomorphism d0 : X0 → X1 inM and for every n-cokernel (d1, . . . , dn)
of d0, the following sequence is n-exact:
X0
d0
→ X1
d1
→ · · ·
dn−1
→ Xn
dn
→ Xn+1.
(A3) For every epimorphism dn : Xn → Xn+1 inM and for every n-kernel (d0, . . . , dn−1)
of dn, the following sequence is n-exact:
X0
d0
→ X1
d1
→ · · ·
dn−1
→ Xn
dn
→ Xn+1.
Remark 2.3. Let M be an additive category, and consider the following morphism of
complexes f : X → Y
X X0 X1 . . . Xn−1 Xn
Y Y 0 Y 1 . . . Y n−1 Y n
f f 0 f 1 fn−1 fn
dX0 d
X
1 d
X
n−2 d
X
n−1
dY0 d
Y
1 d
Y
n−2 d
Y
n−1
The mapping cone C(f) is the following complex
X0
d0
C−→ X1 ⊕ Y 0
d1
C−→ . . .
dn−2
C−→ Xn ⊕ Y n−1
dn
C−→ Y n.
Definition 2.4. ([9, Definition 2.11]) Let M be an additive category, X : X0
d0
→ X1
d1
→
· · ·
dn−2
→ Xn−1
dn−1
→ Xn a complex in M and d0 : X0 → Y 0 a morphism in M. An
n-pushout diagram of X along d0 is a morphism of complexes
X X0 X1 . . . Xn−1 Xn
Y Y 0 Y 1 . . . Y n−1 Y n
f f 0
such that in the mapping cone C = C(f) is a right n-exact sequence. The concept of
n-pullback diagram is defined dually.
Theorem 2.5. ([9, Theorem 3.8]) Let M be an be an additive category which satisfies
axioms (A0) and (A1),
X : X0
d0
→ X1
d1
→ · · ·
dn−1
→ Xn
a complex in M and f 0 : X0 → Y 0 a morphism in M. Then the following statements
hold:
(i) There exists an n-pushout diagram
4 RAMIN EBRAHIMI AND ALIREZA NASR-ISFAHANI
X0 X1 . . . Xn−1 Xn
Y 0 Y 1 . . . Y n−1 Y n
f 0
d0X
d0Y
(ii) Suppose, moreover, that M is an n-abelian category. If d0X is a monomorphism,
then d0Y is also a monomorphism.
A full subcategory M of an abelian category is called n-rigid, if for every two object
M,N ∈M and for every k ∈ {1, . . . , n− 1}, we have Extk(M,N) = 0
Definition 2.6. ([9, Definition 3.14]) LetA be an abelian category andM be a generating-
cogenerating full subcategory of A. M is called an n-cluster tilting subcategory of A if
M is functorially finite in A and
M = {X ∈ A | ∀i ∈ {1, . . . , n− 1},Exti(X,M) = 0}
= {X ∈ A | ∀i ∈ {1, . . . , n− 1},Exti(M, X) = 0}.
Note that A itself is the unique 1-cluster tilting subcategory of A.
Remark 2.7. Let A be an abelian category and M be an n-cluster tilting subcategory
of A. Since M is a generating-cogenerating subcategory of A, for each A ∈ A, every left
M-approximation of A is a monomorphism and every right M-approximation of A is an
epimorphism.
The following result give a rich source of n-abelian categories. Note that our main
theorem proves another direction of this theorem.
Theorem 2.8. ([9, Theorem 3.16]) Let A be an abelian category and M be an n-cluster
tilting subcategory of A. Then M is an n-abelian category.
3. the embedding H˜ :M→ L2(M
op,G)
In [3] we construct an embedding H˜ : M → L2(M,G) which preserve and reflect
n-exact sequences. In this section first we dualize M and show that we have an embed-
ding H˜ : M → L2(M
op,G), then we prove that the essential image of H˜ is n-rigid in
L2(M
op,G).
We denote by (Mop,G) the category of all contravariant additive functors from M to
the category of all abelian groups. First we recall some basic properties of the category
(Mop,G). The reader can find proofs in [4].
A category is called complete if all small limits exist. A cocomplete abelian category
with a generator in which direct limit of exact sequences is exact, is called a Grothendieck
category. The category (Mop,G) is a complete abelian category that all limits compute
pointwise. Thus it is not hard to see that it is a Grothendieck category. If for every
X ∈ M we denote the functor Hom(−, X) ∈ (M,G) by HX , then the Yoneda lemma
state that HX is a projective object, and ΣX∈MHX is a generator for (M
op,G).
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3.1. The subcategory of mono functors. A functor F ∈ (Mop,G) is called a mono
functor if it preserves monomorphisms (i.e. send epimorphisms in M (monomorphism in
Mop) to monomorphisms). We denote by M(Mop,G), the full subcategory of (Mop,G)
consist of all mono functors.
Proposition 3.1. ([3, Proposition 3.7]) The inclusion functor I : M(M,G) →֒ (M,G)
has a left adjoint M : (M,G) → M(M,G) such that for each F ∈ (M,G) the mor-
phism F →M(F ) is an epimorphism and kernel of this morphism is the maximal torsion
subobject of F (i.e. the maximal subobject that has no nonzero morphism to M(M,G)).
M(Mop,G) is not in general an abelian category. There may be a monomorphism in
M(Mop,G) which is not a kernel of a morphism in M(Mop,G). To fix this, following [4]
we introduce the subcategory of absolutely pure functors.
Definition 3.2. ([4, Page 144]) A subfunctor F ′ ⊆ F in M(Mop,G) is said to be pure
subfunctor if the quotient functor
F
F ′
∈ M(Mop,G). A mono functor is called absolutely
pure if and only if whenever it appears as a subfunctor of a mono functor it is a pure
subfunctor. We denote by L2(M
op,G) ⊆ M(Mop,G) the full subcategory of absolutely
pure functors [3].
In the following proposition we summarize the basic properties of the category L2(M
op,G).
Proposition 3.3. ([3, proposition 3.9]) The inclusion functor J : L2(M
op,G) →֒ M(Mop,G)
has a left adjoint R : M(Mop,G) → L2(M
op,G) such that for each M ∈ M(Mop,G) the
morphism M → R(M) is a monomorphism.
Theorem 3.4. ([3, Theorem 3.10]) L2(M
op,G) is an abelian category and every object
has an injective envelope.
A functor F ∈ L2(M
op,G) is called torsion functor if for every mono functor F ′,
Hom(F, F ′) = 0. We say that F is effaceable in L2(M
op,G) if for every X ∈ M and
each x ∈ F (X) there exists an epimorphism f : Y → X such that F (f)(x) = 0. These
two concept are equivalent, see [4, Chapter 7, Ex. A and Ex. G].
Remark 3.5. ([3, Remark 3.11]) In this remark we recall that how kernels and cokernels
in L2(M
op,G) are constructed. Let L1 → L2 be any morphism in L2(M
op,G). If K → L1
is a kernel of L1 → L2 in (M
op,G) it is also kernel in L2(M
op,G) and if L2 → F is
a cokernel of L1 → L2 in (M
op,G) then the cokernel in L2(M
op,G) is the composition
L2 → F → M(F ) → R(M(F )). Thus a morphism in L2(M
op,G) is epimorphism if and
only if its cokernel in (Mop,G) is torsion.
Let A be an abelian category and k a positive integer. For every two objects A,C ∈ A,
Extk(C,A) is defined as the set of Yoneda equivalence classes of k-fold extensions of C by
A [13, 14]. Two k-fold extension of C by A
0→ A→ Bk−1 → · · · → B0 → C → 0
0→ A→ B′k−1 → · · · → B
′
0 → C → 0
are said to be Yoneda equivalent if there is a following commutative diagram
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0 A Bk−1 . . . B0 C 0
0 A B
′
k−1
. . . B′0 C 0
Lemma 3.6. Let A be an abelian category and we have the following two commutative
diagrams
X : · · · Xk+1 Xk Xk−1 · · · X1 C 0
Y : 0 A Yk−1 · · · Y1 C 0
f
and
X : · · · Xk+1 Xk Xk−1 · · · X1 C 0
Z : 0 A Zk−1 · · · Z1 C 0
f
Then Y and Z are Yoneda equivalent.
Proof. See [13, Proposition 5.1]. 
Lemma 3.7. Let X0
d0
→ X1
d1
→ · · ·
dn−1
→ Xn
dn
→ Xn+1 be an n-exact sequence in M,
1 ≤ k ≤ n−1 and f : Xk → A be a morphism such that fdk−1X = 0, then we can construct
the following n-push out diagram, such that the bottom row is contractible.
X0 X1 · · · Xk−1 Xk · · · Xn Xn+1
0 0 · · · 0 A · · · Y n
Proof. The proof is easy and is left to the reader. 
Lemma 3.8. Consider the following commutative diagram in an abelian category A with
exact rows
X : · · · Xk+1 Xk Xk−1 · · · X1 C 0
Y : 0 A Yk−1 · · · Y1 C 0
Then we can obtain the following commutative diagram with exact rows such that Y and
Z are Yoneda equivalent.
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X : · · · Xk+1 Xk Xk−1 Xk−2 · · · X1 C 0
Z : 0 A Zk−1 Xk−2 · · · X1 C 0
Proof. Let 0 → K → B → C → 0 and 0 → A → B′ → K ′ → 0 be two short exact
sequences in an abelian category A and σ : K → K ′ be a morphism. Then by taking pull
back and push out along σ, we have the following commutative diagram with exact rows
0 A W1
K
B0 C 0
0 A B′1
K ′
W0 C 0
These two rows are Yoneda equivalent, and two k-fold extensions S and S ′ with the same
start and the same end are Yoneda equivalent if and only if S ′ can be obtained from S by a
finite sequence of replacements of this form and replacements of a short exact sequence by
another short exact sequence equivalent to it [13]. Now the proof is straightforward. 
Now we can prove the main theorem of this section.
Theorem 3.9. The essential image of M →֒ L2(M
op,G) is n-rigid.
Proof. Let 0 → HAk → Fk−1 → · · · → F0 → HXn+1 → 0 be an exact sequence in
L2(M
op,G). Then the cokernel of F0 → HXn+1 , denote by C, is effaceable in (M
op,G).
In particular, there is an epimorphism Xn → Xn+1 in M, such that C(Xn+1) → C(Xn)
carries the image of 1Xn+1 to 0. This means that there is a commutative diagram of the
following form for an n-exact sequence X0 → X1 → · · · → Xn → Xn+1 in M.
0 HX0 · · · HXn−k HXn−k+1 · · · HXn HXn+1 0
0 HAk Fk−1 · · · F0 HXn+1 0
First we apply Lemma 3.8, then by Lemmas 3.6 and 3.7 the result follows. 
4. The main Theorem
We have a full and faithful functor M →֒ A for the abelian category A = L2(M
op,G),
that preserve and reflect n-exact sequences and its essential image is n-rigid in A. We
identify M with the essential image of the functor. Recall that a functor F ∈ (Mop,G)
is called finitely presented if there exist X, Y ∈ M and an exact sequence (−, Y ) →
(−, X) → F → 0 in (Mop,G). The full subcategory of (Mop,G) consist of all finitely
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presented functors denote by mod-M. Since M has weak kernel, mod-M is an abelian
category [2]. The following proposition is a special case of [2, Proposition 2.1], which used
by Auslander for the proof of Auslander’s formula. We follow Auslander’s approach to
prove a higher-dimensional version of the Auslander’s formula.
Proposition 4.1. ([1, Proposition 3.1]) Consider the Yoneda embedding Y :M →֒ mod-
M. Then given any abelian category D, the induced functor Y D : (mod-M,D)→ (M,D)
has a left adjoint Y Dλ such that for every F ∈ (M,D), Y
D
λ (F ) is right exact and Y
D
λ (F )Y =
F .
By the same setting as in the above proposition, following Auslander [2] and [1], set
D = A and let l : M → A be the inclusion. Then l can be extended to a right exact
functor Y Dλ (l) : mod-M→ A. For simplicity we denote Y
D
λ (l) by V.
Lemma 4.2. ([4, Theorem 7.27]) V : mod-M→A is an exact functor.
Proof. Let F ∈ mod-M, Since M is an n-abelian category, we have the exact sequence
(−, X3)→ (−, X2)→ (−, X1)→ F → 0 in mod-M such that X3 → X2 → X1 is exact in
A. So by applying V, we have the following exact sequence
V((−, X3))→ V((−, X2))→ V((−, X1))
which is isomorphic to X3 → X2 → X1 by proposition 4.1. This means that the first left
derived functor of V vanishes. Thus V is exact. 
By the above lemma it is easy to determine the functor V. Consider F ∈ mod-M and
a projective presentation (−, X2) → (−, X1) → F → 0 of F . Because V is exact, after
applying V we have the exact sequence X2 → X1 → V(F )→ 0 in A.
Because V : mod-M→ A is exact, the essential image of V, denote by B, is an abelian
subcategory of A. Then the induced functor, denote by V : mod-M→ B, is essentially
surjective. Let mod0-M be the full subcategory of mod-M consist of all functors F such
that in the presentation (−, X2) → (−, X1) → F → 0, X2 → X1 is an epimorphism.
Therefore we have the following equivalence of abelian categories:
mod -M
mod0 -M
≃ B.
Let’s summarize briefly what we have proved up to now. For a small n-abelian category
M, we found an abelian category B such that M is a full subcategory of B satisfying the
following conditions:
(i) The inclusion functor preserve and reflect n-exactness.
(ii) M is n-rigid in B.
(iii) Every object B ∈ B is a cokernel of a morphism in M.
Now by these information we can prove our main result in this paper.
Theorem 4.3. M is an n-cluster tilting subcategory of B.
Proof. Let B ∈ B. There exists a morphism f : X0 → X1 inM such that B is a cokernel
of f . Let X1 → X2 → · · · → Xn → Xn+1 be an n-cokernel of f in M. Then we have the
following commutative diagram with an exact row in B.
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X0 X1 X2 · · · Xn+1 0
B
The diagram tells that M is a generating-cogenerating in B. Also it is easy to see that
X1 → B is a right M-approximation of B. Since B → X2 is a kernel of X2 → X3,
by duality process, B has a left M-approximation. Then M is a functorially finite
subcategory of B.
SinceM is n-rigid, we only need to show that it is maximal n-rigid. Let B be an object
of B such that for all M ∈M and all k ∈ {1, 2, . . . , n− 1} we have ExtkB(M,B) = 0. We
need to show that B ∈M. By the previous paragraph we have an exact sequence
0→ B → X2 → X3 → · · · → Xn → Xn+1 → 0.
Set C1 = B and Cr = Im(Xr → Xr+1) for r ∈ {2, . . . n − 1}. Inductively we show that
for every r ∈ {1, 2, . . . n− 1}, k ∈ {1, 2, . . . n− r} and every M ∈M, ExtkB(M,C
r) = 0.
If r = 1, then the claim is obvious. Suppose that ExtkB(M,C
r) = 0 for each k ∈
{1, 2, . . . n − r}. Applying the functor HomB(M,−) to the exact sequence 0 → C
r →
Xr+1 → Cr+1 → 0 gives an exact sequence
ExtkB(M,X
r+1)→ ExtkB(M,C
r+1)→ Extk+1
B
(M,Cr)
which proves the claim. Then the sequence 0 → Cn−1 → Xn → Xn+1 → 0 is an split
short exact sequence and since M is idempotent complete, Cn−1 ∈ M. Again because
Ext1B(C
n−1, Cn−2) = 0, we have Cn−2 ∈ M. Repeating this process we obtain that
C2 ∈M. Since Ext1B(C
2, B) = 0, B is a direct summand of X2 and so B ∈M.
By the similar argument we can see that for every B ∈ B such that ExtkB(B,M) = 0
for all M ∈M and all k ∈ {1, 2, . . . , n− 1}, B ∈M. Therefore M is an n-cluster tilting
subcategory of B ≃ mod -M
mod0 -M
. 
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